Abstract. We consider a self-consistent and physical approach to interacting dark energy models described by a Lagrangian, and identify a new class of models with variable dark energy sound speed. We show that if the interaction between dark energy in the form of quintessence and cold dark matter is purely momentum exchange this generally leads to a dark energy sound speed that deviates from unity. Choosing a specific sub-case, we study its phenomenology by investigating the effects of the interaction on the cosmic microwave background and linear matter power spectrum. We also perform a global fitting of cosmological parameters using CMB data, and compare our findings to ΛCDM.
Introduction
Discovering the nature of dark energy is arguably one of the main goal of modern cosmology. Whether the observed accelerated expansion of the Universe is due to a cosmological constant, a dynamical field like quintessence (see [1] and references therein), a signature of modified gravity (see [2] and references therein), or some more exotic or undiscovered phenomena, there is still much debate and many unanswered questions. In this paper we will focus on one of these questions: if dark energy is due to a dynamical scalar field that can also have a non-gravitational interaction with dark matter, can this interaction affect the sound speed of dark energy?
When discussing exotic models of dark energy, the focus is often on the equation of state w and how it affects observations such as the Cosmic Microwave Background (CMB) and the matter power spectrum. However, another parameter of interest is the dark energy speed of sound (c s ) and its observational signatures and constraints using various cosmological probes (see, for example, [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] ).
Although the dark energy sound speed c s remains practically unconstrained by observation, future cosmological experiments such as Euclid [20] or SKA [7, 21] could constrain it. Therefore, it is important to fully explore the possibility of a varying c s using well formulated, self consistent models and understand what effects this would have on various cosmological observables. This would affect the matter power spectrum through the growth of structure [11, 15, 16] , as well as the halo abundances and cluster counts [19] . This is due to the fact that if c s < 1 then dark energy clusters and affects observations in a non-trivial way.
Interacting dark energy models relax the assumption of ΛCDM and uncoupled dynamical dark energy models, which consider dark energy and dark matter to be only gravitationally coupled. In this paper we show that an interacting model of dark energy in the form of quintessence with evolving w and c 2 s can be constructed from a Lagrangian. For this purpose we follow the Lagrangian formalism for coupled fluids developed in [22] , where three new general families of interacting quintessence and k-essence models were constructed. We focus in particular on their 'Type 3' models, which are pure momentum-transfer models up to linear order in perturbation theory. We will examine the impact of such interactions on the CMB temperature and matter power spectra. The key advantage to using the Lagrangian formalism, as opposed to an ad-hoc approach at the level of the field and fluid equations, is self consistency. This approach leads to dynamically evolving w and c 2 s that are directly derived from the Lagrangian. This approach also avoids unforeseen instabilities such as those discussed in [23] , since usual pathologies like ghost and strong coupling problems can be immediately identified from the Lagrangian.
The plan of the paper is as follows: In Section 2 we summarise the general families of interacting dark energy models (i.e. Type 1, Type 2 and Type 3) constructed in [22] , and explore the properties of the dark energy sound speed for each one, demonstrating that Type 3 models are characterised by a varying dark energy sound speed. In Section 3 we choose a specific Type 3 sub-case and derive the background and linear perturbations equations. We then evaluate the CMB and linear matter power spectrum for different values of the coupling using our modified version of the Einstein-Boltzmann solver class [24] , and compare with uncoupled quintessence. We show and discuss the behaviour and effects of the coupling and the varying dark energy sound speed. Finally, we use a Markov chain Monte Carlo (MCMC) analysis to compare the chosen sub-case with ΛCDM using the Planck 2015 CMB data [25, 26] . We conclude in Section 4.
The sound speed of dark energy coupled to dark matter
We choose a Minkowski metric signature (− + ++) and begin by setting the speed of light, c = 1. We write the Einstein field equations as
where G µν is the Einstein tensor, G is Newton's constant, T µν is the energy momentum tensor, SM refers to the standard model particles and DM, DE to dark matter and dark energy, respectively. The Bianchi identities imply that
which describes the total energy-momentum conservation. For an uncoupled model, ∇ µ T µ (i) ν = 0 for each species i = (SM, DM, DE), and we assume that this is the case for standard model particles which is well supported by strong observational constraints on standard model interactions [27] .
For a model with a coupling between dark energy and dark matter, only their total energy-momentum is conserved. That is, there exists a coupling current such that
We will denoteJ 0 = Q, δJ 0 = q, and δJ i = ∇ i S, where bars signify background quantities [22] . Note that because of isotropy,J i = 0.
Using the relativistic fluid description, the energy-momentum tensor for a general perfect fluid is written as
where ρ is the energy density, P the pressure, and U µ the velocity of a general fluid. The equation of state is then defined as w ≡P /ρ. The sound speed is defined by
where δP is the pressure perturbation and δρ is the energy density perturbation in the fluid rest frame. Since it is defined in the rest frame of the fluid, this is a gauge invariant quantity. A Lagrangian formalism for models of dark energy in the form of a scalar field coupled to dark matter using the fluid description was developed in [22] , and we will utilise it to investigate the properties of the sound speed of dark energy in such models. We begin by considering the general functional form of the Lagrangian for dark energy and dark matter [22] 
where φ is the dark energy scalar field, Y = 1 2 (∇ µ φ) 2 the usual kinetic term 1 , Z = u µ ∇ µ φ is a coupling of the dark matter fluid velocity u µ to the gradient of the scalar field, and n the dark matter fluid number density. This Lagrangian can be used to discuss general classes of quintessence and k-essence dark energy models, including a non-gravitational coupling between dark energy and dark matter. By splitting the Lagrangian in different ways, the authors of [22] constructed three distinct families of coupled models. Here we will briefly review these types of models and concentrate on the implications of the interaction for the speed of sound of dark energy in the form of quintessence.
Uncoupled models
We first consider models with no interactions, where the Lagrangian can be split into independent terms representing the dark energy and dark matter,
This class includes popular alternatives to the cosmological constant model, namely the kessence and quintessence models. Quintessence models have a minimally coupled dynamical dark energy field. These models have F (Y, φ) = Y + V (φ), where V (φ) is the quintessence potential. Quintessence models have a variable w and c 2 s = 1 so that dark energy perturbations are negligible. One of the main goals of forthcoming large scale structure surveys like Euclid [20] is determining the equation of state parameter w, since w = −1 would signal a deviation from the concordance model (ΛCDM).
In the fluid description,ρ φ =F − 2ȲF Y andP φ = −F , where the subscript Y denotes partial differentiation (i.e.F Y ≡ ∂F /∂Y ). We also find [28, 29] 
In the literature this is commonly referred to as X, however we will use Y to follow the notation in [22] .
For a standard quintessence model, i.e. for
so we see that the speed of sound is always equal to unity (c 2 s = 1). However, for a class of models that contain non-canonical kinetic terms, termed k-essence models, we have
2.2
Interacting models (Types 1 and 2)
Considering interacting models, [22] discussed different ways the general Lagrangian could be split, and constructed three general classes of coupled theories (labelled Type 1, 2 and 3). For Type 1 the Lagrangian takes the form
with the φ dependence in f leading to interactions between dark energy and dark matter. By restricting F = Y + V (φ), we can describe general coupled quintessence models. Taking a particular form for f (n, φ) = g(n)e α(φ) , the coupling current was found to be [22] 
Considering a cold dark matter (CDM) fluid we can write f = ne α(φ) and by choosing a specific form α(φ) = α 0 φ with α 0 a constant, we recover one of the most commonly studied coupled quintessence models [31, 32] . For the Type 1 models the background energy density and pressure are found to be [22] ρ φ =Z 2 +F , 11) and the perturbed quantities are given by
Here ϕ ≡ δφ is the field perturbation, and θ is the scalar mode of the momentum, such that U i = a∇ i θ for a general fluid. Note thatZ = −φ/a. We also have [23] 
Here, c a is the adiabatic sound speed with c 2 a =Ṗ φ /ρ φ [33] . For a general Type1 model, we find that the dark energy sound speed is given by [34] 
This is the same expression as in the case of uncoupled quintessence, which means that for Type 1 coupled quintessence we get the standard result c 2 s = 1. In the case of coupled kessence we have F = F (Y, φ) and the speed of sound can be different than unity, as in the uncoupled k-essence case.
Type 2 models interact instead through a coupling of the dark matter fluid velocity to the gradient of the scalar field; the Lagrangian is split as [22] 
For CDM we can write f (n, Z) = nh(Z), and for this case the coupling current is found to be [22] 
where β = h Z /(h − Zh Z ) [34] . The speed of sound for Type 2 models is also given by Equation (2.14) [34] .
Interacting models (Type 3)
Type 3 models are classified by the Lagrangian [22]
where again Z ≡ u µ ∇ µ φ couples the dark matter fluid velocity to the gradient of the scalar field. Here the coupling current is
with q ν µ = u ν u µ + δ ν µ . From the above formula we calculate J 0 = 0 up to second order. This means Q = q = 0 for all Type 3 models, but δJ i ≡ ∇ i S = 0, so Type 3 is a theory of pure momentum exchange up to linear order [22] .
The background energy density and pressure arē 19) and the perturbed quantities are
In these models the sound speed is found to be [34]
Assuming a quintessence form for F we can write
We then find
Type 3 models with a quadratic coupling, i.e. h(Z) = β 0 Z 2 with β 0 a dimensionless coupling constant, have been already proven to be phenomenologically interesting, since it has been shown that they can reconcile the σ 8 tension between high and low redshift cosmological probes [35] . For this case the dark energy sound speed is equal to unity as
Here we will generalise the coupling function to h(Z) = β n−2 Z n with n an integer n ≥ 2; this can still be thought of as similar to the quadratic case, but allowing for a Z-dependent (hence time dependent) dimensionless coupling parameter β(Z) = β n−2 Z n−2 . We find
From this relation it is evident that the speed of sound can deviate from unity for n = 2. In the limit |β n−2Z n−2 | 1 we find
This means, that in the case where the coupling is large, c 2 s reaches a constant value. In the following section we will implement a Type 3 model with variable speed of sound in the Einstein-Boltzmann solver class [24] , which will allow us to quantify the above properties.
Interacting model with variable speed of sound
In the previous section we showed that it is possible to construct a Lagrangian describing a quintessence field coupled to dark matter that results in an effective dark energy sound speed deviating from unity. In this section we will study the phenomenology of such models by exploring a specific case
with h(Z) = β 1 Z 3 , where the effective dimensionless coupling parameter is β 1 Z.
Following [22] we will work in the synchronous gauge and assume a Universe described by a flat Friedmann-Lemaître-Robertson-Walker (FLRW) metric
in the background, and
for linear perturbations, where γ ij is the metric for a 3 dimensional, spatial hyper-surface, ∇ k is the covariant derivative associated to γ ij such that, ∇ k γ ij = 0 and D ij is the traceless derivative operator
The scalar field action in the dark matter frame is
In the models we consider, we will haveφ > 0 and so we limit ourselves to positive values of β 1 ; this ensures that we do not have to worry about ghosts or strong coupling pathologies in the model. In addition, Equation (2.
The perturbed quantities are found to be
For this model the sound speed follows from (2.25):
We also derive the background
and perturbed Klein-Gordon equations
Initial conditions
In order to study the observational signatures of this model, we implement it in the EinsteinBoltzmann solver class [24] . We assume a single exponential potential [6, 35] ; V 0 is tuned by the code to match a fixed Ω φ today. The initial conditions for the quintessence field are chosen to be φ ini = 10 −4 [m Pl ] anḋ φ ini = 0, initially, as in [35] . The dynamics then quickly approaches the tracking solution.
It is useful to discuss how the dark energy perturbations are initialised. We focus on the uncoupled case for simplicity, though this should not make much difference as at early times the coupling is small (see Fig. 2 ). We work in the synchronous gauge and follow the description in [36] (note our conventions are different due to the difference in definitions of θ i ). Starting from the continuity and Euler equations for a fluid without anisotropic stress, we findδ
11)
where the subscript i refers to the different species.
We assume for simplicity a constant equation of state and sound speed. As we initialise our numerical studies from early times, we work in the radiation dominated era, providing simple relations for H, a and τ . We will also use that h ∝ (kτ ) outside the horizon. We can then derive a relation between the metric perturbations h and δ i , outside of the horizon to leading powers in kτ :
13)
Reproducing this in the matter dominated era gives:
15)
Although these initial conditions assume constant w and c 2 s (as we are focused on the uncouple model c 2 s = 1), the analytic predictions are in reasonable agreement with the output from class. This is demonstrated in Fig. 1 . Even when the initial conditions are away from this solution the expected behaviour is quickly found and this does not have a significant effect on the late time result for the dark energy perturbations. Note the change in sign in δ φ when using class; this occurs as the model evolves from the radiation dominated era to matter domination, which can also be seen when comparing the analytic solutions Equation (3.13) and (3.15). . This value of k is chosen such that kτ < 1 for the age of the universe and thus we can trust the first order result given in Equation (3.13), but the behaviour remains qualitatively the same for any value of k given this condition is met. The analytic solutions are derived using the values from class for c 2 s and w.
-

Sound speed evolution
The sound speed behaviour reflects how the dimensionless quantity β 1Z evolves over time, shown in Fig. 2 . The coupling behaviour is directly reflected in the evolution of the sound speed, shown in Figure 3 . From Equation (3.7), we see that the sound speed can vary from unity for
This is reflected in the figures: |β 1Z | 1 at early times and the sound speed is unity, while at later times its increase translates to c 2 s < 1. For larger couplings, the deviation from c 2 s = 1 occurs at earlier times. We have also included a plot of the equation of state w φ =P φ /ρ φ in Figure 4 . For the largest coupling it remains practically constant and very close to −1, while for the smaller coupling it evolves considerably and is more similar to the w φ of uncoupled quintessence. This agrees with the findings in [35] and it is because the term ∝ β 1 in the equation of state formula becomes completely subdominant to V (φ) and w φ → −1.
In [3] it was shown that the effects of a non-unitary sound speed are more pronounced when (w + 1) is large. This suggests that its effects are suppressed for large positive β 1 and that any observable effects of the non-unitary sound speed would appear only at late times. We next examine the effects that this new type of interaction has on cosmological observables, focusing on the CMB temperature (TT) and matter power spectra. In order to highlight the effects of the coupling we fix the sound horizon angular scale at decoupling θ s and the physical energy densities of CDM and baryons, ω c,b = Ω c,b h 2 to the Planck 2015 best-fit model [25] .
CMB
In Figure 5 (Left) we show the CMB temperature power spectra for the chosen coupled models and the predictions of the uncoupled quintessence model, as well as the ratio of the coupled models CMB spectra to the uncoupled one (Right). We can see that the greatest impact is on the largest scales through the Integrated Sachs-Wolfe (ISW) effect. These differences are small relative to the large cosmic variance and the theories remain consistent with current observational data. Similar effects were seen in the quadratic coupling case [35] . The plots show the predictions from the coupled models and uncoupled quintessence (Left) as well as the ratio between the coupled models and uncoupled quintessence (Right).
Matter power spectrum
In Figure 6 (Left) we show the matter power spectra at z = 0 for the coupled models and the predictions of the uncoupled quintessence model, as well as the ratio of the coupled models matter power spectra to the uncoupled one (Right). Note that we chose to show the matter power spectra in log-linear scale instead of the traditional log-log scale, because the differences are clearer using the former. We see a suppression of power on observable scales for β 1 = 10 4 [Mpc/m Pl ] and an increase for the large value of the coupling parameter
This feature has been also seen in other momentum transfer interacting dark energy models [35] ; in the same paper it was shown that the models that suppress power can reconcile the σ 8 tension between CMB and large scale structure data. It is also useful to investigate how the changing sound speed affects the dark energy power spectrum; we do this by comparing the size of the perturbations, δρ φ and δρ c , for different values of the coupling; this is shown in Figure 7 . One can see that the variable sound speed should make very little difference to the total (CDM+DE) power spectra for our models, since the dark energy perturbations remain much smaller than the CDM ones for all scales and couplings. In [37] it is shown how changing the c 2 s in an uncoupled quintessence model affects the behaviour of the dark energy perturbations. As c 2 s → 0 they find an increase in δ φ (k) for all values of k, however it is still the case that |δ φ (k)| |δ c (k)|. Comparing Figure 7 to the results in [37] implies that in this coupled model δ φ is insensitive to the changes we observe in c 2 s , which is expected as in our case c 2 s never becomes very small. However, the analytic prediction given in Equation (3.13) suggests δ φ is very sensitive to w φ . In Figure 4 one can see that w φ is sensitive to the coupling. This is the dominant effect that leads to δ φ varying with β 1 , rather than the change we see in the sound speed. 
MCMC analysis
In this Section we perform a first MCMC analysis using the TT (including the low ) and the lensing reconstruction from Planck 2015 CMB data set [25, 26] , and the MontePython code [38] , and compare with ΛCDM. A full analysis using a suite of CMB and low-z data sets is left for an upcoming publication, where we will also study other Type 3 models. We exclude the negative values of β as they can lead to pathologies like ghosts (see Equation (3.4) ) and choose the following priors for λ and β 1 : This analysis shows that this model is compatible with the current constraints from Planck, though marginally disfavoured if compared to ΛCDM, additionally a full Bayesian analysis would disfavour the T3 model due to the extra parameters. This is qualitatively similar with the results in [22] , where it is shown that the advantage of T3 models is that they can resolve the current (tentative) σ 8 tensions between high and low redshift data. Examining this in detail for a variety of momentum transfer models will be the subject of an upcoming publication. We expect that adding low redshift data will help mitigate the σ 8 tension and constrain β 1 , as seem in [22] .
Conclusions and Discussion
In this paper we have presented a new approach to exploring the sound speed of dark energy. Using the Lagrangian formalism, we demonstrated how one can obtain a dark energy quintessence field with varying sound speed via pure momentum exchange interactions with dark matter. We also examined the effect this kind of interaction has on cosmological observables, such as the CMB temperature and matter power spectra, and showed that the model is compatible with current cosmological constraints from the Planck mission.
For the most common coupled quintessence models (Types 1 and 2), we have shown that the speed of sound is always unity (c 2 s = 1). For Type 3 quintessence models that involve a coupling of the fluid velocity to the gradient of the scalar field, one can easily construct a model with an evolving sound speed. Type 3 models are special as the form of the coupling results in an effective "non-canonical" kinetic term, similar to k-essence, which then allows for a varying sound speed of dark energy.
Using our modified version of class we have looked at the impact of such an interaction in the CMB temperature and matter power spectra. Our current results imply that the effects of the interaction and the dark energy equation of state are much stronger than the effect of the varying sound speed. This is expected since previous studies have shown that in order for the sound speed to leave an important observational imprint it has to be very small c 2 s = O(10 −3 ) [6, 12, 36, 39] . Moving forward, there is a vast parameter space to explore for these momentum transfer interactions: any coupling of the form β n−2 Z n where n = 2 would result in a non-unitary sound speed. One could also explore more complex forms for the coupling function. We intend to complete an MCMC analysis, and compare these variable sound speed models with a variety of other models, against current observational constraints.
In general, dark energy interactions result in modifications of the Euler and continuity equations. When the Euler equation is modified, as is the case for the models presented here, we have the breaking of the weak equivalence principle [40] . The possibility of observing this effect with future surveys will be the subject of future work.
Recently, it has been argued in [18] that "cold dark energy" with c 2 s = 0, which adds the clustering of the dark energy perturbations on top of the matter ones, is compatible with observations, and that future cluster growth data can help distinguish it from dark energy with sound speed one. In [18] the importance of having self consistent models in which both the equation of state and the sound speed of dark energy evolve with redshift was emphasised. Our formalism provides this and looking at the effects of our proposed models on cluster abundances will be the subject of future work.
